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Abstract—In ambient re-scatter1 communications, devices con-
vey information by modulating and re-scattering the radio
frequency signals impinging on their antennas. In this corre-
spondence, we consider a system consisting of a legacy modulated
continuous carrier multiple-input-multiple-output (MIMO) link
and a multi-antenna modulated re-scatter (MRS) node, where
the MRS node modulates and re-scatters the signal generated
by the legacy transmitter. The receiver seeks to decode both the
original message and the information added by the MRS. We
show that the achievable sum rate of this system exceeds that
which the legacy system could achieve alone. We further consider
the impact of channel estimation errors under the least squares
channel estimation and study the achievable rate of the legacy
and MRS systems, where a linear minimum mean square error
receiver with successive interference cancellation is utilized for
joint decoding.
Index Terms—Backscatter, re-scatter, bi-static channel, MIMO,
keyhole channel, modulation coding, polyphase coding.
I. INTRODUCTION
O
NE of the limiting factors of connecting things to the
Internet using wireless technologies is the availability
of energy. One solution is provided by the modulated back-
scattering (MBS) systems, e.g. radio-frequency identification,
where the tags modulate their information onto a carrier
generated by a reader, and the reader decodes the modulated
information. In the advanced forms of MBS systems, multiple-
antenna techniques are applied to increase the achievable rate
and improve the reliability [1], [2]. Their communication range
can be increased by using a bi-static setup, in which the
transmitter and receiver are physically separated [3]. Recently,
a new communication technology, referred to as an ambient
MBS system, is emerging where the tags can backscatter am-
bient modulated signals with added information [4]. Although
the circuit power consumption could still be a serious problem
in practice [5], [6], it is nevertheless much smaller than in case
of active transmitters [4]. The symbol detection and bit error
rate have been deduced for such a system [7], [8]. In addition,
the performance of such a system in the single antenna case
has been investigated in [9].
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1Widely used term backscatter refers to reflecting the received signals
back in the direction of arrival. In this work, the scattering direction is not
constrained so that the term re-scatter is used instead.
To the best of our knowledge, however, the previous models
did not consider joint decoding of the legacy and backscatter
systems.These systems enhance the use-case possibilities of
MBS systems since the information is exchanged through
modulating and back-scattering the radio frequency signals
without the need of having power-hungry transceivers.
In this paper, we 1) propose a new system that extends
a bi-static MBS system to an ambient bi-static modulated re-
scatter (MRS) system, which allows information transmission
between a multi-antenna transmitter and a multi-antenna re-
ceiver (legacy MIMO system); 2) show that, with full chan-
nel state information at the receiver (CSIR), the achievable
sum rate (ASR) of the proposed system exceeds that which
the legacy MIMO system could achieve alone; 3) study
the asymptotic limiting achievable rate (LAR) as either the
number of transmit antennas or the number of receive antennas
approaches infinity; 4) propose a simple pilot structure using
Hadamard matrix for channel estimation, which enables the
receiver to jointly estimate the direct and re-scattered paths;
5) consider the channel estimation errors of the least squares
(LS) estimator and provide the associated achievable rate lower
bound.
In this design, the multi-antenna MRS node bears additional
information on the signals emitted by the legacy transmitter,
and the receiver decodes the information of both sources as
shown in Fig. 1. The excess rate can be achieved by the legacy
MIMO system alone or it can be shared between the two
systems. The LAR of the considered system is the LAR of a
multiple-keyhole MIMO channel in [10] and a rich scattering
MIMO channel in [11]. We consider a simple linear minimum
mean square error (MMSE) receiver structure with successive
interference cancellation (SIC) for joint information decod-
ing. The proposed joint legacy-MRS pilot structure obviates
changes on the legacy transmitter side. This enables an MRS
node applicable in a backwards compatible manner.
The rest of this paper is organized as follows. Section
II introduces the channel and the signal models. Section III
presents the ASR and LAR under full CSIR. In Section IV,
we propose a pilot structure for joint channel estimation of the
considered system and then study the impact of channel esti-
mation errors. Simulation results and conclusions are provided
in Section V and VI.
II. SYSTEM MODEL
Consider an ambient MRS MIMO system with an nt -
antenna transmitter (TX), an nr -antenna receiver (RX), and a
K-antenna MRS node shown in Fig. 1. The MRS antennas
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Fig. 1. An example of ambient MRS MIMO systems.
are located in an array with no antenna element coupling
problem. Otherwise, coupling would contribute to the channel
uncertainty. The MRS is synchronised to the legacy system.
The signal transmitted from the TX to the RX propagates
through the direct links and paths passing through the MRS
which modulates the signals.
Unless otherwise indicated, we adopt the following main
assumptions: 1) the transmitted symbols of the legacy system
are independently and identically distributed (i.i.d) standard
circularly symmetric complex Gaussian (CSCG) distributed;
2) the CSI is available at the RX only; 3) the channels
are block fading, and the channel coherence time is much
longer than the frame duration. When channel estimation is
considered, the training-based channel estimation and data
transmission are assumed to be completed within the coher-
ence time; 4) the channel vectors are i.i.d CSCG distributed,
and are independent across the antennas of both systems. The
assumptions have been considered in literature, e.g. [10], [12]
among others. The main notations are provided as footnote2.
A. Channel Model
Following the assumptions, the complete channel matrix
between the transmitter and the receiver in Cnr×(K+1)nt reads
G =
[
G0 G1 · · · GK
]
, (1)
where G0 ∈ Cnr×nt denotes the channel matrix of the direct
links. The channel matrix passing through the k th MRS
antenna Gk ∈ Cnr×nt for k = 1, · · · , K is defined as
Gk = αgrkg
†
tk
, (2)
where α ∈ C is a constant scale factor3, gtk ∈ Cnt denotes the
complex channel gains between transmit antennas and the k th
MRS antenna, and grk ∈ Cnr is the channel vector between
the k th MRS antenna and the receiver antennas.
In this work, the channels passing through the MRS antenna
k resemble a MIMO keyhole channel [10]. In our case,
however, the legacy signals are additionally modulated by the
MRS. If G0 = 0, our general channel model coincides with
the MIMO backscatter channels in [1], [2].
2Notations: small and capital bold letters denote vectors and matrices,
respectively; A† and AT denote the Hermitian transpose and transpose of
matrix A; CN(0, B) denotes the CSCG distribution with zero mean and
covariance matrix B; tr(X) and det(X) are the trace and determinant of a
matrix X; ⊗ is the Kronecker product operator; In is an n×n identity matrix,
and the subscript n may be omitted for simplicity; | | · | | is the Frobenius norm
for matrices and Euclidean norm for vectors; E{X } is the expectation of X.
3α could be used to model the impact of pathloss and absorption at the
MRS antennas. The model could easily be extended to allow antenna-specific
scaling factors.
B. Signal Model
Consider a Wyner polyphase coding (WPC) modulation
scheme at the MRS antennas, which has some important
properties, such as periodic orthogonality, and the constant
amplitude zero auto-correlation property [13], [14]. The equiv-
alent input over the considered MIMO channels in (1) is
denoted by ψ (within one symbol) with
ψ =
[
1 x1
]T ⊗ x0 = [x0 x0x11 · · · x0x1K ]T , (3)
where x0 ∼ CN(0, ρdInt ) is the channel input vector of
the transmitter at a given time instant. Here, ρd denotes the
data symbol power per antenna. We denote the reflection
coefficients of the MRS antennas as x1 ∈ CK , where WPC
is applied such that E{x1x†1} = IK , |x1k |2 = 1, and E{x1k} = 0
for each k = 1, · · · , K [14]. Since each element of x1 is unitary,
each element of ψ has the same distribution as the channel
input, i.e., ψ ∼ CN(0, ρdI(K+1)nt ). The resulting discrete time
signals for the considered channels Eq. (1) within one frame
of N discrete samples reads
Y =
√
βKGΨ + Z , (4)
where the nr × N matrix Y denotes the received signals, the
nt (K +1)×N matrix Ψ is the equivalent input whose columns
ψi, ∀i = 1, · · · , N are given in Eq. (3), the entries of the
nr × N noise matrix Z are i.i.d. CN(0, σ2), and the scaling
factor is βK = 1/
(
nr (K |α|2 + 1)
)
. For a physical channel, the
total received signal energy cannot exceed the total transmit
energy. Since the average impact of the channel on the energy
is E
{‖G‖2}, in-line with [12], channel vectors gdk in (2) with
d ∈ {r, t}, ∀k, and the matrix G in (1) are normalised so that
E
{ | |gdk | |2} /nd = 1, and E {| |G| |2} /nt = nr (K |α|2 +1). (5)
Hence, with the signal model in Eq. (4), the total average
received SNR from all transmit antennas yields
γ = (Pt/nt )E
{| |G| |2} βK/σ2 = Pt/σ2 , (6)
where Pt = nt ρd denotes the total transmit power. Thus,
γ/nr and γ/nt represent the SNR per receive antenna and per
transmit antenna, respectively, for a K-antenna MRS node.
III. ACHIEVABLE RATE WITH FULL CSI AT THE RECEIVER
We investigate the achievable rate of the considered system
in Eq. (4) assuming that only the full CSIR is available,
and the TX knows the channel distribution without having
the instantaneous CSI. The Gaussian vector ψ defined in
Eq. (3) can be equivalently written as ψ =
√
ρdu with
u ∼ CN(0, Int (K+1)) such that the received symbol vector reads
y =
√
ρdβKGu + z. (7)
Proposition 1: The ASR of the system4 in Eq. (7) is
R = log2 det
(
I + γβKGG
†/nt
)
.
Proof: The channel model in Eq. (7) corresponds to the
standard MIMO system with zero mean circularly symmetric
4Remark: The legacy system can achieve this achievable rate alone if
polyphase-coded x1 is a known pseudo-random sequence at the receiver. That
is, the MRS acts as a passive relay to assist the legacy.
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normal input u and channel matrix
√
ρdβKG. Hence, the
assertion follows from the results in [15].
Proposition 2: Let F = γ0G0G
†
0
, and ∆ = γ0
∑K
k=1GkG
†
k
with γ0 = γβK/nt . Then,
log2 det (I + F) ≤ log2 det (I + F + ∆) ,
with equality if and only if eigenspace of F is a subspace of
the null space of ∆.
Proof: By definition, F is a positive-semidefinite (PSD)
Hermitian matrix with eigenvalues λi(F), ∀i = 1, . . . , nt , and
∆ is a PSD Hermitian matrix. Thus, it is enough to show that
the eigenvalues of a Hermitian PSD F are strictly less than the
eigenvalues of F + ∆. The Corollary of Weyl’s theorem [16,
Corollary 4.3.3] states that the eigenvalues fulfil
λi(F + ∆) ≥ λi(F) (8)
with equality for some i if and only if ∆ is singular and ∃x , 0
such that Fx = λi(F)x, ∆ x = 0, and (F + ∆)x = λi(F + ∆)x.
Since log2 det(·) is equal to matrix trace, the achievable rate is
increased in case only one of the eigenvalues satisfies Eq. (8)
with strict inequality. Conversely, F + ∆ has the same trace
as F if all eigenvectors of F are in the null space of ∆. The
only PSD Hermitian matrix ∆ satisfying this condition is the
all zero matrix. That is, equality can occur only if ∆ = 0.
A. Asymptotic Analysis
We conduct asymptotic analysis of the considered system
under complete CSIR. Note that, for an n × m matrix A,
log2 det(In + AA†) = log2 det(Im + A†A). (9)
Corollary 1: Denote γ˜ = γβK . As nr → ∞ with fixed nt
and K , the LAR of the considered system is the ASR of a
multiple-keyhole MIMO channel in [10] and a rich scattering
MIMO channel in [11], i.e.5
Rnr
LAR
= nt log2 (1 + γ˜) +
K∑
k=1
log2
(
1 + |α|2 | |gtk | |2 γ˜
)
.
Proof: Using Proposition 1, Eq. (5), and Eq. (9), as
nr → ∞ we have
1
nr
G†G→

Int 0 · · · 0
0 |α |2g†
t1
gt1 · · · 0
...
...
. . .
...
0 0 · · · |α |2g†
tK
gtK

with eigenvalues
1, · · · , 1︸   ︷︷   ︸
nt
, |α|2 | |gt1 | |2, · · · , |α|2 | |gtK | |2︸                              ︷︷                              ︸
K
, 0, · · · , 0︸   ︷︷   ︸
(nt−1)K
.
We obtain the result from Proposition 1.
Corollary 2: Let γ˜ = γβK . As nt → ∞ with fixed nr ≥ K ,
the achievable rate of the considered system reads
Rnt
LAR
= (nr − K) log2 (1 + γ˜) +
K∑
k=1
log2
(
1 + |α|2 | |grk | |2γ˜
)
.
5Corollary 1 indicates that the additional MRS antennas increase the overall
system achievable rate due to the increased rank of the overall channel matrix.
Proof: Following the same line of reasoning as the
Corollary 1, as nt → ∞, we have
1
nt
GG† → Inr +
K∑
k=1
|α |2grkg†rk .
Vectors grk,∀k become asymptotically orthogonal as nr grows
with fixed K . Hence, the eigenvalues of GG†/nt read
1 + |a1 |2 | |gr1 | |2, · · · , 1 + |α|2 | |grK | |2︸                                            ︷︷                                            ︸
K
, 1, · · · , 1︸   ︷︷   ︸
nr−K
.
The result follows.
B. Achievable rate of the MRS when K = 1
Obtaining the exact achievable rate for a constant envelope
MIMO system is problematic. Hence, we focus on the case
K = 1 in order to gain an insight. The received signal reads
y =
√
β1G
([
1 x1
]T ⊗ x0) + z. (10)
where G =
[
G0 G1
]
is defined in Eq. (1), and β1 is given
by βK defined in (4) when K = 1. Assume that the receiver
would be able to decode x0 first. One approach to obtain x0
first is to adopt a linear MMSE receiver with SIC acting upon
the matrix G. The MMSE-SIC receiver successively decodes
the strongest stream of the legacy system first, and then
after removing the stream, it decodes the remaining strongest
stream. Without loss of generality, we assume that the strength
of the flows of the legacy system are sorted in a decreasing
order. Conditioned on the channel matricesG0 (x1 is unknown,
and so is G1x1), the SINR for the currently decoded flow, i.e.
the ith flow, of the legacy system can be expressed as [17]
γ0,i =
([(
I + β1γG
†
>i
G>i/nt
)−1]
11
)−1
− 1, ∀i = 1, · · · , nt,
where G>i
def
=
[
G0[> i] G1
]
is the matrix whose columns
associated to the decoded streams of the legacy user have been
removed. Hence, the achievable rate of the legacy system is
R0 =
nt∑
i=1
log2(1 + γ0,i). (11)
Once x0 has been decoded, we can treat it as a known part and
cancel G0x0 from the received signal in Eq. (10). The receiver
for decoding x1 is operating based on the measurement y1 =√
β1(G1x0)x1+z. The SNR for the MRS flow using a matched
filter receiver (in a single user case, the SNR of a matched filter
is identical to the one of an MMSE [17]) yields
γ1(x0) = β1x†0G†1G1x0/
(
ntσ
2
)
. (12)
Hence, the achievable rate using the Gaussian codebook reads6
RGC(γ1) ≤ log2 (1 + γ1) . (13)
For WPC, the channel achievable rate is given in [14] by
RWPC(γ1) = −
∫ ∞
0
f (u, γ1) ln
(
f (u, γ1)
u
)
du+ ln
(
2γ1
e
)
, (14)
6The dependence of γ1 on x0 is dropped from the notation for simplicity.
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Fig. 2. Achievable rate regions by the legacy system and the single-antenna
MRS with nt = 2, nr = 4, and γ = {10, 20, 30}dB. The solid and dashed
curves show the regions where the MRS system employs the WPC scheme
and the Gaussian codebook, respectively.
where f (u, γ1) = 2uγ1e−γ1(1+u2)J0(2uγ1), and Jν(x) is the
modified Bessel function of νth order. If γ1 is close to zero,
RWPC(γ1) can be approximated to RWPC(γ1) ≈ γ1 [14]. We
note that if x1 is known with G1 at the receiver, the achievable
sum rate coincides with Proposition 1, and that is the maximal
rate that the legacy user could achieve using MMSE-SIC
receiver acting on the channel matrix G0 +G1x1 [17].
Provided that the legacy system uses Gaussian codebook,
Fig. 2 depicts the achievable rate regions for a 2 × 4 legacy
system and a single-antenna MRS system employing the con-
sidered MMSE-SIC decoding scheme. Each plot is averaged
over 2 × 105 realisations. Select γ = 20dB and the WPC
scheme. Vertex A, denoting {0,E [RWPC(γ1)]}, shows the
achievable rate of the MRS when the legacy transmitter trans-
mits signals containing no information. Vertex B represents
{E [R0] , E [RWPC(γ1)]}. Hence, segment AB denotes that the
legacy system is not assisted by the MRS. Vertex C, denoting
{E [R] , 0}, shows the ASR given by Proposition 1, and is
achievable by the legacy system alone when x1 is known and
a joint detection scheme is used at the receiver. Segment BC
can be achieved by the legacy and the MRS systems through a
time-duplexing scheme. Point D shows the achievable rate by
the legacy system when x1 is unknown by the legacy system
and treated as noise. We also plot the achievable rate of the
legacy system alone to show the achievable rate improvement
when the MRS assists the legacy system7.
IV. ACHIEVABLE RATE WITH CHANNEL ESTIMATION
We consider an LS channel estimator to study the impact of
channel estimation errors on the performance. In addition, we
propose a pilot structure based on Hadamard matrix to jointly
estimate the direct and re-scattered links.
A. Joint channel estimation
Suppose that the data transmission with a total coherence
interval of length N consists of two phases: a training phase
and a data transmission phase [18]. In the training phase,
a pilot sequence is transmitted to the receiver to estimate
7As K=0, the channel normalization coefficient β0 = 1/nr .
the channel matrix G in Eq. (1) using acquired Np digital
samples. Since our aim is to investigate the impact of channel
estimation on the system achievable rate, we first describe the
pilot sequence design. The LS estimation error and its impact
on the achievable rate are studied for the designed pilots.
Since we assume that the MRS is synchronised to the legacy
transmitter, this casts the current pilot design problem to the
one for a multi-relay system in [19]. Hence, one technique
is to generate the pilot sequences using Hadamard matrices,
which has recursive generation property. Let Hn denote a
2n × 2n dimensional Hadamard matrix. Then, starting from
H1 =
[
1 1
1 −1
]
, a 2n-dimensional matrix can be generated from
the recursion Hn = H1 ⊗ Hn−1. We assume that the legacy
system uses orthogonal pilots, and the MRS uses rows of Hn,
such that the resulting joint pilot becomes orthogonal.
Let X0p ∈ Cnt×m0 and X1p ∈ C(K+1)×m1 be the orthogonal
sequences of the legacy system and the MRS with length
of m0 and m1, respectively, yielding Np = m0m1. The two
sequences have the properties E{X0pX†0p} = m0ρpInt and
E{X1pX†1p} = m1IK+1, where ρp denotes the power of a pilot
and could be different from ρd the data symbol power
8. All
elements of the first row of X1p are equal to 1, which corre-
spond to the paths G0 with constant non-controllable channel
gains. Hence, X1p could be selected to correspond to the first
K + 1 rows of the Hadamard matrix so that the composite
pilot, with dimension nt (K + 1) × (m0m1), Ψp = X1p ⊗ X0p
is orthogonal, and ΨpΨ
†
p = m0m1ρpInt (K+1). The composite
pilots Ψp require the MRS pilot symbol length to be m0
legacy symbols. Hence, the training phase can be realised by
transmitting the same pilot sequence of the legacy systems
K + 1 times so that during the transmission of one repetition
of the legacy pilot sequence, the MRS pilot remains constant
but it is changed from repetition to another.. Following this
strategy and using the signal model in Eq. (4), the received
nr × m0m1 pilots matrix Yp yields Yp =
√
βKGΨp + Zp ,
where the entries of the noise matrix Zp are i.i.d. standard
complex Gaussian random variables. Knowing the transmitted
pilots Ψp and the received pilots matrix Yp , the LS estimate
of the (normalized) channel matrix reads√
βK Gˆ = YpΨ
†
p(ΨpΨ†p)−1 = YpΨ†p/
(
m0m1ρp
)
. (15)
The (normalized) channel estimation error is√
βKG˜ = ZpΨ
†
p(ΨpΨ†p)−1 = ZpΨ†p/
(
m0m1ρp
)
. (16)
B. Achievable Rate with Channel Estimation Error
Considering channel estimation errors, the capacity of a
MIMO system is not known [18], [20]. However, the channel
uncertainty can be treated as noise when the channel estimate
Gˆ is available at the receiver. As the considered estimator is
unbiased and the estimation error in Eq. (16) is Gaussian, the
received data signal vector of a data symbol transmission reads
y =
√
βK Gˆψ +
√
βKG˜ψ + z. (17)
The covariance matrix of
√
βkG˜ψ is given by
RG˜ψ =
(
m0m1ρp
)−2
E
{
ZΨ†pψψ
†
ΨpZ
†} . (18)
8See [18] for the impact of ρp and ρd on the achievable rate.
ACCEPTED FOR PUBLICATION 5
0 5 10 15 20 25 30
 (dB)
0
5
10
15
20
25
A
ch
ie
va
bl
e 
ra
te
 (b
its
/s/
Hz
)
CSIR, polyphase
CSIR, Gaussian
0 5
1
2
3
CSIR
Est. CSIR
Asymp., CSIR
K=0
K=1
MRS rate, K=1
sum rate
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As the pilots are known at the receiver, we obtain
RG˜ψ =
ρdσ
2Inr
(m0m1ρp)2
tr
(
ΨpΨ
†
p
)
=
nt (K + 1)ρd
ρpm0m1
σ2Inr . (19)
Consequently, a lower bound of the ASR is obtained as [20]
Rest ≥
N − Np
N
log2 det
(
I +W−1K GˆGˆ
†γβKσ2
)
, (20)
where WK =
(
σ2Inr + RG˜ψ
)
and R
G˜ψ is given in (19).
V. SIMULATION RESULTS
We present the simulation results of ASR of the considered
system under perfect and imperfect CSIR. Particularly, we
show the impacts of the MRS system on the achievable rate
of the overall system, and the achievable rate of the MRS
system when K = 1. The simulation results are averaged over
2 × 105 realisations, where for each realisation the pilot and
data symbol powers are the same, ρd = ρp , and the amplitude
of the attenuation shift factor of the MRS is |α| = −3 dB.
Fig. 3 shows the achievable rate by the whole system as
a function of γ for K = {0, 1}, nt = 2 and nr = 4. The
achievable rate by the MRS system alone (K = 1) is plotted
when the MRS employs the WPC code book. For the MRS
also an upper-bound for the achievable rate with Gaussian
coding schemes is shown. The solid and dashed curves depict
the achievable sum rate with perfect and imperfect CSI at
the receiver, respectively. The asymptotic ASR as nr → ∞ is
plotted using dotted curves. The simulation results confirm
Proposition 2, i.e., under perfect CSIR, the ASR always
exceeds that the legacy system could achieve alone. Adding
an MRS node is beneficial even in low SNR, though the rate
gain is more visible in the high SNR domain. Furthermore, in
low SNR domain, LAR and ASR are close to each other. The
channel estimation errors will reduce the ASR of the system.
VI. CONCLUSION
This work studied a system consisting of a legacy MIMO
link and a multi-antenna MRS node. We showed that the
ASR of such a system is larger than that which the legacy
MIMO system could achieve alone. Asymptotically in rich
scattering case (either nt or nr approach to infinity), the LAR
becomes the sum of the LAR of the multiple keyhole MIMO
channel and the LAR of the rich scattering MIMO channel.
We proposed to use MMSE-SIC receiver for joint decoding of
the legacy and MRS symbols at the receiver. For the channel
estimation, we proposed a simple Hadamard matrix based pilot
structure that allows the legacy MIMO transmitter to use its
pilot sequences without any modifications. We believe that our
work opens the possibility to enrich existing communication
systems with a layer of ultra-low-power MRS nodes.
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